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We study 5-dimensional black holes in Einstein-Maxwell-Chern-Simons theory with free
Chern-Simons coupling parameter. We consider an event horizon with spherical topology,
and both angular momenta of equal magnitude. In particular, we study extremal black
holes, which can be used to obtain the boundary of the domain of existence. Above a
critical value of the Chern-Simons coupling constant we find non-static extremal solutions
with vanishing angular momentum. These solutions form a sequence which can be labeled
by the node number of the magnetic U(1) potential or the inertial dragging. As the node
number increases, their mass converges to the mass of the extremal Reissner-Nordstro¨m
solution. The near-horizon geometry of the solutions of this sequence is the same. In
general not all near-horizon solutions are found as global solutions, and we show non-
uniqueness between extremal solutions and non-extremal ones.
Keywords: Higher-dimensional black holes; Chern-Simons Theory; Numerical solutions;
Near-horizon formalism.
PACS numbers: 04.40.Nr, 04.20.Jb, 04.50.-h, 04.70.-s
1. Introduction
The study of black holes in higher-dimensional theories of gravity is important
for our understanding of gravity and high energy physics. Developments such as
the statistical counting of black hole microstates for the five-dimensional extremal
Reissner-Nordstro¨m solution1 have increased the interest in the study of black holes
in different higher-dimensional generalizations of General Relativity.
The higher-dimensional generalization of the Kerr solution was discovered by
Myers and Perry (MP solution).2 Since then, other analytical solutions have been
found in different modified theories of gravity motivated by supergravity and string
theory, typically coupling gravity to other fields, like for example an electromagnetic
field and a dilaton.3
In general, stationary black holes in D = 2N + 1 dimensions possess N inde-
pendent angular momenta Ji, which are associated with the N orthogonal planes
of rotation4 and the rank of the rotation group SO(D − 1). In this paper we are
1
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interested in 5-dimensional black holes with all N = 2 angular momenta of equal-
magnitude. In this case the space-time has cohomogeneity-1 symmetry.
We consider a generalization of the 5-dimensional Einstein-Maxwell theory
(EM), by supplementing the action with a Chern-Simons term (CS)
I =
1
16πG5
∫
d5x
[√−g (R − FµνFµν)− 2λ
3
√
3
εµναβγAµFναFβγ
]
. (1)
Note that R is the curvature scalar, Aµ is the gauge potential with field strength
tensor Fµν = ∂µAν − ∂νAµ, λ is the CS coupling parameter and G5 is Newton’s
constant in five dimensions (we fix the normalization so that 16πG5 = 1 in the
following). Here we are interested in asymptotically flat space-times.
An analytical solution is known for a particular value of the CS coupling pa-
rameter λ = λSG ≡ 1 , corresponding to minimally gauged supergravity.5–8 In this
case, a subset of cohomogeneity-1 solutions corresponds to the Breckenridge-Myers-
Peet-Vafa solutions (BMPV).6 Although these black holes have null horizon angular
velocity, their angular momentum is not zero, and they are not static solutions.
In this paper we will study the generalization of these rotating and charged
EMCS black holes8 to general values of the CS coupling. In particular we will
consider the case in which the CS coefficient is increased beyond the critical value
of 2λSG. For these values of the CS coupling, the topologically spherical black holes
are no longer uniquely determined by the value of the global charges.9, 10
In order to generate the black hole solutions, we will make use of both numerical
methods (for the calculation of the global solutions) and analytical methods (the
near-horizon formalism). Let us begin by presenting some details about the theory,
the Ansatz we use, and how the charges are calculated.
2. Einstein-Maxwell-Chern-Simons theory and properties of the
black holes
The field equations of the action (1) are the Einstein equations
Gµν =
1
2
FµρFν
ρ − 1
8
gµνFρσF
ρσ, (2)
and the Maxwell-Chern-Simons equations
∇νFµν + λ
2
√
3
εµναβγFναFβγ = 0. (3)
The stationary black holes with both angular momenta of equal magnitude,
|J(1)| = |J(2)| = J , and horizon of spherical topology, can be parametrized with the
following Ansatz for the metric4
ds2 = −f(r)dt2 + m(r)
f(r)
(dr2 + r2dθ2) +
n(r)
f(r)
r2 sin2 θ
(
dϕ1 − ω(r)
r
dt
)2
+
n(r)
f(r)
r2 cos2 θ
(
dϕ2 − ω(r)
r
dt
)2
+
m(r) − n(r)
f(r)
r2 sin2 θ cos2 θ(dϕ1 − dϕ2)2,(4)
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where θ ∈ [0, π/2], ϕ1 ∈ [0, 2π] and ϕ2 ∈ [0, 2π]. For the gauge potential the Ansatz
is
Aµdx
µ = a0(r)dt + aϕ(r)(sin
2 θdϕ1 + cos
2 θdϕ2). (5)
The unknown metric and gauge potential functions depend only on the radial co-
ordinate r, which we will assume to be isotropic.
We will characterize the black holes by their global charges and horizon charges.
Using the Komar expressions we can obtain the total mass M and the angular
momentum J
M = −3
2
∫
S3
∞
α , (6)
J =
∫
S3
∞
β(k) , (7)
where αµ1µ2µ3 ≡ ǫµ1µ2µ3ρσ∇ρξσ, and β(k)µ1µ2µ3 ≡ ǫµ1µ2µ3ρσ∇ρησ(k). Note that ξ ≡
∂t, η(1) ≡ ∂ϕ1 and η(2) ≡ ∂ϕ2 are the Killing vectors of these stationary black hole
space-times.
The electric charge Q is given by
Q = −1
2
∫
S3
∞
F˜ , (8)
where F˜µ1µ2µ3 ≡ ǫµ1µ2µ3ρσF ρσ.
In isotropic coordinates the black hole horizon is at r = rH, where we impose the
Killing horizon conditions, and the horizon rotates with angular velocity ΩH. Regu-
larity of the Killing horizon11 imposes boundary conditions on the metric functions,
in particular
ΩH =
ω(rH)
rH
. (9)
With this particular choice of coordinates, extremal black holes are obtained
when rH = 0. In this case we have that the degenerated Killing horizon rotates with
angular velocity
ΩH = ω
′(rH). (10)
The area AH of the horizon will be of interest to us and it is given by the
expression
AH =
∫
H
√
|g(3)| = r3HA(S3) limr→rH
√
m2n
f3
. (11)
The area is related to the entropy by S = 4πAH. The horizon angular momenta
JH(k) are
JH(k) =
∫
H
β(k) , (12)
where H represents the surface of the horizon. Note that when we have equal-
magnitude angular momenta, we also have |JH(k)| = JH, k = 1, 2.
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3. Near-horizon geometry
As commented in the introduction, we can also gain some information about the
properties of extremal EMCS black holes if we study near-horizon solutions in the
entropy function formalism.12–14 This formalism allows us to obtain analytic ex-
pressions for the horizon charges of extremal black holes, such as the horizon area
and horizon angular momentum. Some global charges such as the electric charge
and the angular momentum can also be obtained. Here the CS term of the action
needs to be treated carefully.15
All known examples of extremal black holes with event horizon of spherical
topology have a near-horizon geometry with AdS2 × SD−2 symmetry. Hence we
can make use of an Ansatz for the near-horizon geometry assuming these isometries
(and also in our particular case, cohomogeneity-1)16
ds2 = v1(dr
2/r2 − r2dt2) + v2[4dθ2 + sin2 2θ(dϕ2 − dϕ1)2] (13)
+ v2η[dϕ1 + dϕ2 + cos 2θ(dϕ2 − dϕ1)− αrdt]2.
We have shifted the radial coordinate r→ r − rH so the horizon is at r = 0.
For the gauge potential we write
A = −(ρ+ pα)rdt + 2p(sin2 θdϕ1 + cos2 θdϕ2). (14)
The Ansatz parameters v1, v2, η, α, ρ and p satisfy some constraints which can
be obtained using the near-horizon formalism,12–14 or alternatively solving the field
equations. The resulting relations are
v2 = v1,
ηv1 = −4
3
(ρ− p+ pα)(ρ+ p+ pα)
α2 − 1 ,
v1 =
2
3
α4p2 − p2 + 2α3ρp− 4ρpα+ α2ρ2 − 2ρ2
α2 − 1 ,
3αv
5/2
2
√
ηρ+ 3α2v
5/2
2
√
ηp− 4λ
√
3pv1v2ρ− 4λ
√
3p2v1v2α
−3pv21
√
v2
√
η = 0. (15)
These algebraic relations leave two undetermined parameters, related to the
angular momentum J and the electric charge Q of the extremal black hole.
In the presence of a Chern-Simons term, the calculation of the angular mo-
mentum J and the electric charge Q in the near-horizon formalism is somewhat
subtle. The correct way to calculate these charges is by making use of the Noether
charges.15 If we follow this procedure we arrive at the following expressions for the
charges. The angular momentum J can be written as
J = 64π2
v
3/2
2
v1
√
ηp(ρ+ pα) + 16π2
v
5/2
2
v1
η3/2α− 256
9
√
3π2p3λ, (16)
and the electric charge Q as
Q = −64π2 v
3/2
2
v1
√
η(ρ+ pα) +
128π2
√
3
3
λp2. (17)
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We can obtain some horizon charges using the near-horizon formalism. The
Komar formula can be used to calculate the horizon angular momentum yielding
JH = 16π
2 v
5/2
2
v1
η3/2α, (18)
and the horizon area can be written as
AH = 16π
2v
3/2
2
√
η. (19)
4. Results for λ > 2
As we said in the introduction, in this paper we will discuss the properties of the
black holes when λ > 2. In particular we choose λ = 5 and fix the electric charge to
|Q| = 1. The features discussed in the following are found for λ > 2, and any other
particular value of |Q|.
The global solutions are found by solving the EMCS equations together with the
usual boundary conditions obtained from regularity at the horizon and asymptotic
flatness. We have used COLSYS, a collocation method for boundary-value ordi-
nary differential equations, with an adaptive mesh selection procedure.17 We solve
the differential equations using a compactified radial coordinate, and we employ
typically a mesh of 103 − 104 points, achieving a relative accuracy of 10−8.
The addition of the CS term implies that the theory is no longer invariant under
a change of sign of the electric charge, if the CS coupling is fixed. Hence we have to
discuss separately the case with positive charge and negative charge.
 0
 0.03
 0.06
 0.09
-0.1 -0.05  0  0.05  0.1  0.15
A
H
J
Q<0
Q>0 near horizon
Q>0 global
C[1,2] C[1,2]
C[3,4] C[3,4]
CnhCnh
B[1,2] B[1,2]
B*[1,2] B
*
[1,2]
n=1, 2, ...
Fig. 1. Area AH versus angular momentum J . We plot extremal solutions for λ = 5 and |Q| = 1.
For positives values of the electric charge, we compare the near-horizon solutions (fat line) with
the global solutions (thin line). We mark the cusps C[...] with ×. We also mark the branching
points B[...] with +. Finally we mark the static solution with ∗, and the non-static J = 0 solutions
with •.
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In Figure 1 we plot the area AH versus the angular momentum J for near-
horizon solutions and global solutions (λ = 5). Let us start discussing the Q = −1
solutions. In this case we obtain that every solution obtained in the near-horizon
formalism corresponds to a global solution, i.e. all the near-horizon solutions are
realized globally. Black holes with negative electric charge are always regular, and
charged non-static solutions can be connected continuously with the charged static
solution by continuously decreasing the angular momentum.
The properties of black holes with positive electric charge Q = 1 are completely
different. Let us start discussing the near-horizon solutions. If we start with some
non-static solution (for example with J = 0.15) and then we decrease the angular
momentum, we will eventually reach a singular solution with zero area. The near-
horizon solutions then continue as the angular momentum decreases to zero with
increasing area. But note that this first J = 0 near-horizon solution is not the static
solution (which has larger area). Instead, this near-horizon solution has α 6= 0, and
hence is a non-static solution of the near-horizon formalism. The solutions continue
with negative values of the angular momentum until we reach a cusp Cnh, where
the curve bends backwards. Finally, the solutions continue down to end at the static
solution (marked with ∗ in the figure), where they meet with the symmetric set of
solutions (J → −J).
Now consider the global solutions. Let us start again at some non-static solution
with J = 0.15. Again we decrease the angular momentum and we reach the zero
area solution. At this side of the curve, all the near-horizon solutions are realized
globally (the same happens with the symmetric solutions with negative values of
the angular momentum).
The global solutions continue if we decrease the angular momentum with in-
creasing area. Eventually we reach a non-static J = 0 solution (we can label this
solution n = 1). The curve continues with negative values of the angular momentum
up to a cusp, C[1,2]. It is important to note that this cusp is always different from
Cnh. The curve bends backwards and we reach another non-static J = 0 solution
(n = 2). Eventually, the curve ends at B∗[1,2] at some J > 0.
Since the cusp C[1,2] is different from the cusp Cnh, we can see clearly that for
Q > 0 not all the near-horizon solutions are realized globally, meaning that there
are solutions from the near-horizon formalism which do not correspond to global
solutions of the EMCS theory.
Nevertheless, Figure 1 is not appropriate to represent the complicated branch
structure of these black holes. It is better to plot global charges, as the mass. We do
so in Figure 2, where we plot the massM versus angular momentum J for the same
set of parameters. While the Q < 0 solutions are only found in a simple branch
which ends at the static solution, Q > 0 black holes present a very complicated
bifurcation pattern.
Minimal mass is reached at the singular solution with vanishing area. Suppose
we start at the singular solution with J > 0 and then we decrease the angular
momentum. Eventually we reach J = 0, with a non-static solution with mass below
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the static solution (n = 1). If we now make J negative we can generate a whole
branch of extremal black holes, which eventually reach J = 0, with a different non-
static solution (n = 2) with mass still below the static mass, but above the previous
non-static solution. This branch of black holes disappears at a J > 0 solution B∗[1,2],
when the branch touches the symmetrical branch with J → −J (we call this a
bifurcation point). This solution, B∗[1,2], has the same angular momentum, electric
charge and mass as those of a solution of the opposite branch B[1,2]. But B[1,2] and
B∗[1,2] have different near-horizon geometries. In fact, if we go back to Figure 1, we
can see that B[1,2] has lower area than B
∗
[1,2]. This is an example of non-uniqueness
between two extremal solutions, B[1,2] and B
∗
[1,2], which share all the global charges.
These solutions can be distinguished only by their horizon properties.
This structure of cusps and bifurcation points repeats an infinite number of
times, and the bifurcation pattern gets closer and closer to the static solution. At
the bifurcation points we have uniqueness violation, and branches can end or start.
In Figure 3 we show a schematic representation of the branch structure where the
mass is plotted versus the angular momentum. The width of the branches becomes
smaller as we go up the bifurcation pattern.
The bifurcation pattern contains an infinite number of non-static J = 0 solu-
tions. We can label each one of these black holes with an integer number n = 1, 2, 3....
Note that these black holes have all the same near-horizon geometry as can be seen
in Figure 1. Hence note that this is an example of infinite non-uniqueness of the
near-horizon solution. The non-static J = 0 solutions can be distinguished by their
global charges, like the mass, which increases with n and approaches the mass of
the static solution.
In fact, the integer number n is related to the node number of the magnetic
 0.9
 1.2
 1.5
 1.8
 2.1
 2.4
-0.1 -0.05  0  0.05  0.1  0.15
M
J
Q<0 global
Q>0 global
(B[1,2] , B*[1,2]) (B[1,2] , B*[1,2])
(B[2,3] , B*[2,3]) (B[2,3] , B*[2,3])
C[1,2] C[1,2]
C[3,4] C[3,4]
n=1
n=2
n=3
n>3
Fig. 2. Mass M versus angular momentum J . We plot global extremal solutions for λ = 5 and
|Q| = 1. We mark the cusps C[...] with ×. We also mark the branching points B[...] with +. Finally
we mark the static solution with ∗, and the non-static J = 0 solutions with • of different colors.
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M
J
n=k
n=k+1
n=k+2
n=k+3
n=k+4
C[k,k+1]
C[k+2,k+3]
C[k+4,k+5]
C[k,k+1]
C[k+2,k+3]
C[k+4,k+5]
(B[k,k+1] , B*[k,k+1])
(B[k+1,k+2] , B*[k+1,k+2])
(B[k+2,k+3] , B*[k+2,k+3])
(B[k+3,k+4] , B*[k+3,k+4])
(B[k+4,k+5] , B*[k+4,k+5])
(B[k,k+1] , B*[k,k+1])
(B[k+1,k+2] , B*[k+1,k+2])
(B[k+2,k+3] , B*[k+2,k+3])
(B[k+3,k+4] , B*[k+3,k+4])
(B[k+4,k+5] , B*[k+4,k+5])
Fig. 3. Schematic representation of the branch structure around the extremal rotating J 6= 0
solutions between n = k and n = k + 4. We mark the cusps C[...] with ×. We also mark the
branching points B[...] with +. Finally we mark the static solution with ∗, and the non-static
J = 0 solutions with •.
-0.6
-0.45
-0.3
-0.15
 0
 0.15
 0.3
-1.5 -1 -0.5  0
ω
log10(r/(1+r))
1 node
2 nodes
3 nodes
4 nodes
5 nodes
6 nodes
7 nodes
Fig. 4. The inertial dragging ω as a function of the compactified radial coordinate. We represent
up to 7 non-static J = 0 solutions, although numerically we can obtain solutions with more than
30 nodes.
gauge potential aϕ and the metric function ω, as can be seen in Figure 4. Hence
these solutions constitute a set of radially excited extremal solutions.
Interestingly, the static solution is rotationally isolated from the non-static solu-
tions, in the sense that it is not possible to reach the static solution by continuously
decreasing the angular momentum or the angular velocity of a non-static solution.
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We can see this easily if we go back to Figure 1. There we can see that all the near-
horizon solutions connecting the static solution with the cusp Cnh are not realized
globally, and the near-horizon geometry of the non-static J = 0 solutions is different
from the near-horizon geometry of the static one.
Finally, in Figure 5 we plot the domain of existence of the black holes we are
considering. Extremal black holes of fixed mass are expected to be the boundary of
the domain of existence. To represent this boundary, we plot in Figure 5 the scaled
angular momentum J/M3/2 versus the scaled electric charge Q/M for λ = 5. But
the general features of this plot are found for any λ > 2.
Every non-extremal solution is found in the inner region delimited by the most
external curves of the plot. Note the asymmetry between negative and positive
electric charge. The bifurcation pattern is only found for positive Q when λ > 2.
Note that the bifurcation pattern is formed by lines inside of the domain of existence.
This means that the bifurcation pattern exhibits another type of non-uniqueness.
There are non-extremal solutions with the same global charges as the extremal
solutions of the bifurcation pattern. As an example of this, we include in the figure
non-extremal solutions with null angular velocity but finite angular momentum.
The resulting non-extremal curves intersect the bifurcation pattern, meaning that
there is uniqueness violation at the crossing points.
5. Conclusions
Let us briefly summarize the main results of this paper.
We have considered rotating black holes in Einstein-Maxwell-Chern-Simons the-
ory in 5 dimensions, which are asymptotically flat, and possess a spherical event
horizon topology. We have restricted to the cohomogeneity-1 case, when both an-
-0.050
-0.025
0.000
0.025
0.050
-0.6 0.0 0.6 1.2
J/
M
3
/2
Q/M
Extremal
Non-extremal, ΩH=0
Fig. 5. Scaled angular momentum J/M3/2 versus scaled electric charge Q/M for extremal black
holes and λ = 5. We also include non-extremal solutions with ΩH = 0
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gular momenta have equal magnitude.
We have used numerical methods to calculate the global solutions, but we have
also made use of the near-horizon formalism in order to obtain analytical solutions
describing the region near the horizon. Analytical expressions relating the horizon
area and angular momentum to the electric charge and total angular momentum
have been obtained.
We have centered our discussion on the λ > 2 case. We have found that beyond
this critical value of the CS coupling λ and for a fixed value of Q > 0, an infinite
sequence of branches of extremal black holes arises, with very interesting features.
We have found that not all the near-horizon solutions are realized globally and
alternatively, one near-horizon solution can be related to more than one global
solution.
An infinite sequence of radially excited non-static J = 0 solutions is present in
this bifurcation pattern. All the solutions of this sequence of black holes have the
same near-horizon geometry, and they can be labeled by an integer number related
to the number of nodes of the aϕ and ω functions.
We have found that uniqueness is violated between extremal solutions: global
charges do not uniquely characterize extremal black holes at the branching points,
and some horizon charge should be used in order to distinguish between them.
Even more, we have found that uniqueness can also be violated between extremal
and non-extremal solutions, since the complicated bifurcation pattern of extremal
black holes is inside the boundary of the domain of existence.
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